ABSTRACT. Let (u n ) be a sequence of real numbers. In this paper we introduce some Tauberian conditions in terms of regularly generated sequences for (A, k) summability method.
Introduction
Let L be any linear space of real sequences and A be a subclass of L. If
for some α = (α n ) ∈ A, we say that the sequence (u n ) is regularly generated by the sequence (α n ) and (α n ) is called a generator of (u n ). The classical control modulo of the oscillatory behavior of (u n ) is denoted by
n (u) = n∆u n , where ∆u n = u n − u n−1 and u −1 = 0.
The general control modulo of the oscillatory behavior of integer order m ≥ 1 of a sequence (u n ) is defined inductively in [1, 2] by 
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The Kronecker identity u n − σ (1) n (u) = V (0) n (∆u), (1.2) where V
n (∆u) = 1 n+1 n k=0 k∆u k , is well known and used in the various steps of proofs. Since arithmetic means of (u n ) can be also expressed as σ (1) 
we may rewrite (1.2) as
For a sequence (u n ) and for each integer m ≥ 1 define
for each integer k ≥ 0 and for all nonnegative integers n. A sequence (u n ) is said to be Cesàro summable to s if lim n→∞ σ (1) n (u) exists and equals s. A sequence (u n ) is said to be (A, k) summable to s if lim
n (u)x n exists and equals s, or we simply write
where [λn] denotes the integer part of λn. Dik [1] proved that necessary and sufficient conditions for slow oscillation of (u n ) are (V A sequence u = (u n ) is moderately oscillating [1, 2] 
where [λn] denotes the integer part of λn.
Dik [1] proved that (V (0) n (∆u)) is bounded and (σ (1) n (u)) is slowly oscillating for a moderately oscillating sequence u = (u n ).
A sequence (u n ) is said to be left one-sidedly bounded if u n ≥ −C for all nonnegative integers n and for some C ≥ 0. A classical Tauberian theorem of Hardy and Littlewood [4] says that if (ω (0) n (u)) is left one-sidedly bounded and (u n ) is Abel summable to s, then (u n ) converges to s. Dik [1] improved Hardy and Littlewood's theorem [4] by proving that if (ω (1) n (u)) is left onesidedly bounded and (u n ) is Abel summable to s, then (u n ) converges to s. Moreover, Dik [1] obtained several Tauberian theorems for sequences in terms of classical and general control modulo. Recently, Stanojević and Stanojević [5] extended the classical Tauberian theory recovering convergence of sequences out of the existence of Abel's necessary condition and certain additional conditions that control the oscillatory behavior of sequences. Later, Ç anak and Totur [3, 6] have proved some Tauberian theorems for which Tauberian conditions are given in terms of general control modulo of oscillatory behavior of integer order of a sequence.
Throughout this paper unless otherwise stated for any real sequence α = (α n ), let µ = (µ n ) be defined by µ n = (n + 1)α n .
In this paper our purpose is two-folded: First, we prove that each of the following conditions is a Tauberian condition for (A, k) summability method:
1) The generator of (∆µ) or (σ (1) n (∆µ)) is moderately oscillating.
2) The sequence whose generator is (∆µ n ) or (σ (1) n (∆µ)) is moderately oscillating.
3) The sequence whose generator is (V
Next, we prove that (A, k) summability of (u n ) implies boundedness of (σ (m−2) n (u)) if one of the following conditions holds:
4) The generator of (σ (m) n (∆µ)) is moderately oscillating for any integer m ≥ 2.
5) The sequence whose generator is (σ (m) n (∆µ)) for any integer m ≥ 2 is moderately oscillating.
6) The sequence whose generator is (V (m) n (∆ 2 µ)) for any integer m ≥ 2 is moderately oscillating.
Auxiliary results
We will now provide some important lemmas, a theorem and corollary used in the next section.
By the following lemma it is shown that the generator of ∆µ = (∆µ n ) is the classical control modulo of α = (α n ), where µ n = (n + 1)α n .
Ä ÑÑ 2.1º
The generator of ∆µ = ∆µ n is ω
Taking the arithmetic means of both sides of (2.1), we have σ
n (α). This completes the proof.
By the following lemma it is shown that the generator of arithmetic means of the sequence whose generator is (∆µ n ) is α = (α n ), where µ n = (n + 1)α n .
Ä ÑÑ 2.2º If the generator of
n (∆x) = ∆µ n by hypothesis, the identity above can be expressed as
3)
. Taking the arithmetic means of both sides of (2.3)
we obtain that σ
n (y). Then we have 
Taking into consideration (2.4) and (2.5), we have σ 
Results
Let M, S and B denote the space of sequences moderately oscillating, slowly oscillating and bounded, respectively.
Throughout this section unless otherwise stated it will be assumed that µ = (µ n ) is defined by µ n = (n + 1)ω (m) n (u).
Ì ÓÖ Ñ 3.1º Let (u n ) be (A, k) summable to s. If the generator of (∆µ) is moderately oscillating, then (u n ) converges to s.
P r o o f. By Lemma 2.1, we have
n (u)) ∈ M by hypothesis, we obtain that
Also, for each integer j ≥ 1, it follows from (3.1) that
It is obvious that for each integer j ≥ 1,
We here notice that the statement (u n ) is (A, k) summable to s is equivalent to the statement that (σ (k) n (u)) is Abel summable to s. Taking j = k in (3.3) and using (3.2) we obtain by Corollary 2.5
This means that (σ
is Cesàro summable to s. Since every Cesàro summable sequence is Abel summable, (σ (k−1) n (u)) is Abel summable to s. Taking j = k − 1 in (3.3) and using (3.2) we obtain by Corollary 2.5
This means that (σ 
is moderately oscillating, then (u n ) converges to s.
The rest of the proof until the last step is as in the proof of Theorem 3.1. In the last step we obtain (u n ) is Cesàro summable to s. Since every Cesàro summable sequence is Abel summable, (u n ) is Abel summable to s. Using (3.6) we obtain by Theorem 2.4 that (u n ) converges to s.
The rest of the proof until the last step is as in the proof of Theorem 3.1. In the last step we obtain (u n ) is Cesàro summable to s. Since the generator of a moderately oscillating sequence is bounded, it follows from (3.9)
Since (u n ) is Cesàro summable to s, then
Therefore (n∆V (1) n (∆u)) ∈ B by ((3.13)). From (3.14) and the identity n∆V
Notice that if the generator of (σ (m) n (∆µ)) is moderately oscillating for each integer m ≥ 3, then we recover that (σ (m−2) n (u)) is bounded out of (A, k) summability of (u n ).
Ì ÓÖ Ñ 3.4º Let (u n ) be (A, k) summable to s. If the sequence whose generator is (∆µ n ) is moderately oscillating, then (u n ) converges to s.
P r o o f. By hypothesis there exists a sequence
. By Lemma 2.1 and Lemma 2.2 it follows that σ
Since the arithmetic means of moderately oscillating sequences is slowly oscillating, (W 
From this identity it follows that
Since the generator of the moderately oscillating sequence is bounded, we obtain that (σ
The rest of the proof is as in Theorem 3.3.
Notice that if the sequence whose generator is (σ
n (∆µ)) is moderately oscillating for each integer m ≥ 3, then we recover that (σ (m−2) n (u)) is bounded out of (A, k) summability of (u n ).
n (u). Since the arithmetic means of moderately oscillating sequence is slowly oscillating, we obtain that (ω 
n (∆µ)) = (σ
n (ω (m) (u))) ∈ M. The rest of the proof is as in Theorem 3.3.
Notice that if the sequence whose generator is (V (m) n (∆ 2 µ)) is moderately oscillating for each integer m ≥ 3, then we recover that (σ (m−2) n (u)) is bounded out of (A, k) summability of (u n ).
Same conclusions can be obtained if the class M in which the generators of (σ (m) n (∆µ)) belong for each integer m ≥ 0 is replaced by the class S in Theorem 3.1 through Theorem 3.9.
